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1. Write the equation as M dz + Ndy = 0 with M = eV + 4oy, N = ze¥ + 222 + 6y. Check
exactness:

N
— =V 44y = —. V' exact

y Ox

Find F(z,y) with F, = M: F = ze¥ + 222y + g(y). Then F, = xe¥ + 22% + ¢'(y) = N =
ze¥ + 222 + 6y = ¢'(y) = 6y = g(y) = 3y>. So

F(x,y) = ze¥ 4+ 22%y + 3y* = C.
Applying (z,y) = (2,0): 2e° +2(4)(0) + 3(0)2 = 2 = C. The implicit solution is

ze¥ + 222y + 3% = 2.
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2. Rewrite in standard form: 3’ — —y = 3z°. Integrating factor: p(z) = e/ ~4/%d* = z=4 Then
x

3 3
(af4y)’ =35 274 =3z = g;*4y = 5372 +C = y= 53:6 + Ot

Applying y(1) = 5: %+C’= b=C = % So

3. The characteristic equation is r® — 6r* + 1073 = 0, i.e. r3(r? — 6r 4+ 10) = 0. This gives r = 0

6 £ 36 —40
2

(multiplicity 3) and 72 — 6r + 10 =0 = r = = 3 £ 4. So the general solution is

y(x) = C1 + Coz + Cyx? + 3 (C4 cosz + Cssin a:)

4. (a) Substituting the two data points into P’ = kP(M — P) — h with h = 10:
P=4: 4k(M—-4)—10=6 = 4k(M —4) =16 = kM — 4k = 4.

P=6: 6k(M—6)—10=8 = 6k(M —6) =18 = kM — 6k = 3.
Subtracting, 2k =1 = k = 1. Then kM =4k +4 =6 = M = 12. So

1
P'=_P(12-P) - 10.

(b) Critical points satisfy $P(12 — P) — 10 = 0 = P(12— P) =20 = P2 - 12P +20 = 0 =
(P—2)(P—-10)=0,s0 P=2and P = 10.

Writing f(P) = $P(12— P) — 10 = —1P? + 6P — 10 = —3(P — 2)(P — 10), this is a downward-
opening parabola in P that is negative for P < 2, positive for 2 < P < 10, and negative for P > 10.
On the phase line: arrows point down (decreasing) below P = 2, up between P = 2 and P = 10,
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and down above P = 10. Hence P = 2 is an unstable critical point and P = 10 is a stable critical
point — populations starting above the threshold P = 2 tend toward the sustainable equilibrium
P =10, while populations starting below 2 are driven to extinction.

2
5. Divide by 2%: ¢/ = Yy (g> . This is homogeneous, so let v = y/x, i.e. y =vzx, vy = v+ av'.
x x

Substituting,
d 4d
vz =v4+4? = o =47 = %) ===
v x
1 —1
Integrating: = 4In|z|+C, s0 v = W Since y = vz,
—x
YO = ¢

6. The characteristic equation is 73 4+ 9r = 0 = 7(r2 +9) = 0 = r = 0,434, giving homogeneous
solution y, = C1 + Cy cos(3zx) + Cssin(3z).

For the forcing term 18z: since r» = 0 is a simple root of the characteristic equation, try y,, =
Ax? + Bz. Then Yy, = 24z + B, y, =0, so

"

ym + 9y, =92Azr+ B) =184z +9B =18z = A=1 B=0 = y, =1’
For the forcing term 26e**: since 7 = 2 is not a root, try y,, = Ce**. Then

Y + 9yp, = 8CE™ +18Ce™ = 26Ce™ = 26e*" = C=1 = 1y, =e".
The general solution is

y(z) = C1 + Cycos(3x) 4+ Cssin(3zx) + 2+ 27,



